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Summary

The foregoing analysis shows that the Clohessy-Wiltshire
and Duke matrices are equivalent. They stem, in fact, from
the same linearizing approximations. The principal assump-
tions are 1) the distance between orbiting body and reference
satellite is very small compared to the distance to the center of
the force field; and 2) the variation of the gravity field is
linear in the vertical direction over the region of interest.

Examination of the transformation equations reveals an
interesting lack of symmetry, i.e., the horizontal velocity
transformation is cross-coupled with the vertical position.
Yet no coupling term appears for the vertical velocity. The
coupling is caused by the coordinate system rotation. Since
the Clohessy-Wiltshire system rotates with respect to inertial
space, the transformation between it and a fixed inertial
system contains symmetrical cross-coupling terms for each
velocity axis. The lack of symmetry in the transformation
equations under discussion may be interpreted to mean that
the Duke system appears to be rotating when vertical veloci-
ties are considered but appears to be fixed for horizontal
velocities. Hence the correct translation of velocities for this
system to those in an inertial coordinate system requires con-
siderable care.
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Nomenclature
= particle radius, cm
= velocity of sound in the gas, cm/sec
= specific heat of the gas at constant volume, cal/g-°K
= energy flux in the plane wave, erg/cm2-sec
= acoustic frequency, cps
= defined by Eq. (2), dimensionless
= w/c, cm"1

= decay length for all three mechanisms combined, cm
= decay length for bulk damping of the pure gas phase, cm
= decay length for particle damping, cm
= decay length for pure gas phase wall damping, cm
= particle number density in combustion products, cm~3

= equilibrium pressure, dynes/cm2

= tube radius, cm
= volume of condensed products per unit volume of total

combustion products
= distance, cm

= ratio of specific heats
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Fig. 1 Decay length for particle damping as a function of
particle radius. For the indicated frequencies, the short
vertical lines give the largest particle radii for which the
calculation is valid. The calculation was restricted to pa <

10-1.

X = gas phase thermal conductivity, cal/sec-cm-°K
M = dynamic viscosity, poise
v — kinematic viscosity, stokes
PO = gas phase density, g/cm3

pi = solid particle density, g/cm3

<r = acoustic damping constant, cm^1

co = circular frequency, rad/sec

IT is a matter of general knowledge that acoustic com-
bustion instability in solid propellant rocket motors can

often be cured by adding certain substances to the solid pro-
pellant itself. These substances may or may not participate
in the chemical reactions of the combustion process, but
they always produce solid or liquid particles in the combus-
tion gases. Additives such as Al and Mg powders, which
participate in the combustion reactions, appear to be more
effective in suppressing acoustic instability than do inert
additives.

The mechanism by which these additives suppress insta-
bility is not known. They may act by decreasing the effec-
tiveness of the acoustic amplifiers in the motor or by in-
creasing the acoustic losses. It is the purpose of this note
to present calculations that investigate the latter possibility.
The viscous damping that is caused by the presence of solid
or liquid particles in the combustion gases is calculated and
compared with that of the pure gas phase without particles.
The particular case of a propellant that contains 10% alu-
minium by weight is considered. A plane acoustic wave
is assumed, and the effect of particle size on the decay length
of the wave is calculated for frequencies from 103 to 2 X
104 cps and for pressures of 1 and 28 atm. The results are
compared with the decay length for thermal and viscous
damping in the bulk of the pure gas phase, and with the
decay length for thermal and viscous wall damping of the
pure gas phase when the wave is traveling axially along a
cylindrical tube of 5-cm radius.

Previous work concerning the effect of particle damping
on a particular mode of oscillation in a solid propellant rocket
motor may be found in Ref. 1.

Analysis

Reference 2 gives the results of a theory of the energy ab-
sorbed by viscous damping from a plane acoustic wave as it
passes over a spherical particle that is free to move.

For the case where the plane wave is propagated through a
medium that contains many such particles, all of radius a,
and where the particles are not so closely spaced that they
interact with one another, the rate of dissipation of acoustic
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Table 1 Gas phase decay lengths for both bulk
damping in a tube of 5-cm radius
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5 X
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104
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P = 1.1
Lb, cm

.26 X 106

.30 X 10*

.26 X 104

.12 X 103

atm
L,

1.42
6.33
4.47
3.17

„, cm LI

X
X
X
X

103

102

102

9.09
3.64
9.09
2.26

P = 30,
,, cm

X 107

X 106

X 105

X 105

.7
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and wall

atm
LW) cm

7.50
3.35
2.36
1.68

X 103

X 103

X 103

X 103

energy through viscous interaction with the particles is given
by

dE/E = -3kVH»dx = -4kaNH"ira*dx (1)
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with greater than the optimum particle size. Thus, the
analysis indicates the desirability of adding the powders in
the condition of the finest granulation that is obtainable.
As would be expected, the damping increases as the quan-
tity of additive increases [Eq. (3)].

The analysis takes no account of the chemical reactivity of
the additives. This might profoundly alter their damping
characteristics. The particle size of the products might, for
example, be considerably different from that of the additive
itself. Also, the temperature nonequilibrium between the
particles and the gas and the jetting and spinning of the
burning particles will probably change their damping prop-
erties.

{12} {H" =

Equation (2), which is obtained from the results of Refs.
2-4, holds for J3a <3C 1. When d <3C f$a and higher-order terms
are dropped, Eq. (2) agrees with the result of Ref. 8. In the
foregoing equations, k = co/c, /3 = (co/2i>)1/2, 5 = PO/PI, and
V is the volume of solid particles per unit volume of total
mixture, medium, and solid particles.

The decay length Lp over which the acoustic energy flux
is reduced to l/e of its original value is given by

/to]}

Lp = l/3kVH" (3)

The viscous and thermal damping by the pure gas phase,
without particles, consists of damping both in the bulk of
the gas and at the walls of the tube. For the case of a plane
wave traveling axially along a tube of radius R, the two
damping constants are given by Refs. 5-7:

"•"L R
and the decay length is given by

Lb =

J ~

Lw = l/2(ru

IT h («

(6)

In the case where all three types of damping are present and
acting independently, the combined damping constant is
given by

!_!. + !+JL (7)L T * T ' T ^ 'JUp Juj, L/w

Equations (2-5) were used to calculate the decay lengths
Lp, Lb) Lw for a hypothetical propellant that contained 10%
Al by weight. It was assumed that all of the aluminium was
converted to liquid A^Os.

The combustion gases were assumed to have the proper-
ties of CO at 3000°K. Thus, the physical constants had the
following values: cv = 0.227 cal/g-°K, c = 1.12 X 105 cm/
sec, X = 2.6 X 10 ~4 cal/sec-cm-°K, 7 = 1.4, /* = 7.75 X
10~4 poise, Pl = 3.5 g/cm3, Po = 1.14 X 10~4 g/cm3 per at-
mosphere pressure, V = 0.233 (PO/PI) = 0.0665 PO.

The calculation was made for pressures of 1.1 and 30.7 atm.
The results for Lp are shown in Fig. 1, whereas those for Lw
and Lb (for R — 5 cm), are shown in Table 1.

It is noteworthy that the particle damping is relatively
insensitive to chamber pressure, whereas the wall damping
is inversely proportional to the square root of the chamber
pressure. Thus, over the range of critical particle sizes
where particle damping far exceeds wall damping, L will be
insensitive to pressure level.

The maximum particle damping occurs in the size range
1 to 10 /-t, which is a range that is available in commercial
metal powders. Powders of smaller particle size are diffi-
cult to obtain, and most propellant systems probably operate

2(0a) (2)

Conclusions

The combustion products from metal additives in solid
propellants can greatly increase the acoustic damping con-
stant of the combustion gases. The particle sizes for which
this effect is most pronounced are in the 1- to 10-/z range,
which is about the minimum size range in which commercial
metal powders are available. When the damping is pre-
dominately caused by particles in the combustion gases, it
is insensitive to chamber pressure.

In Ref. 9, Horton and McGie have presented results of their
calculations of the acoustic damping constant for propellent
gases that contain 2% of A1203 particles. This analysis is
part of a larger analysis of their experimental results, and their
viewpoint is somewhat different than that taken in this note.
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Nomenclature

Elliptic elements
a
L

= semimajor axis
= mean longitude, measured from £ axis
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